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We onsider the eet of eletron-eletron interation on the eletron transport through a nite
length single-mode quantum wire with reetionless ontats. The two-partile sattering events
annot alter the eletri urrent and therefore we study the eet of three-partile ollisions. Within
the Boltzmann equation framework, we alulate orretions to the thermopower and ondutane
to the leading order in the interation and in the length of wire L. We hek expliitly that the
three-partile ollision rate is identially zero in the ase of several integrable interation potentials.
In the general (non-integrable) ase, we nd a positive ontribution to the thermopower to leading
order in L. The proesses giving rise to the orretion involve eletron states deep in the Fermi sea.
Therefore the orretion follows an ativation law with the harateristi energy of the order of the
Fermi energy for the eletrons in the wire.
I. INTRODUCTION
Short lean one-dimensional (1D) mesosopi wires, of-
ten referred to as quantum point ontats, show on-
dutane quantization
1,2
as a funtion of the hannel
width. The quantization is well desribed by the the-
ory of adiabati propagation of free eletrons.
3
For non-
interating partiles, ondutane quantization should
our in longer hannels too, as long as there is no
baksattering o inhomogeneities within the hannel.
A lot is known about the role of eletron-eletron in-
teration of 1D hannels. Eletron-eletron repulsion in
a wire enhanes dramatially the reetion oeient,
making it energy-dependent.
4
However, interation be-
tween eletrons does not alter the quantization (in units
of 2e2/h) of an ideal hannel ondutane in the limit
of zero temperature.
5,6
What is still an open question
is whether there are other manifestations of interations
due to inelasti proesses, whih inuene the transport
properties.
In the absene of interations, left- and right-moving
partiles in a wire are at equilibrium with the reservoirs
they originate from. If a bias is applied between the
reservoirs, then these equilibria dier from eah other,
giving rise to a partiular form of the non-equilibrium
distribution inside the hannel. On the other hand, in
a long ideal hannel and in the presene of interations
one may expet equilibration to our between the left-
and right-movers into a single distribution haraterized
by an equilibrium with respet to a referene frame mov-
ing with some drift veloity. Interestingly, in a model
with momentum-independent eletron veloity for left-
and right-movers (as it is the ase in Tomonaga-Luttinger
model) there is no dierene between the two distribu-
tions. Eets originating from the partile-hole asymme-
try, however, may disriminate between the two. Ther-
mopower and Coulomb drag
7,8,9
are examples of suh
eets.
At present, little is known about equilibration in a
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FIG. 1: A shemati piture of two metalli gates deplet-
ing the underlaying two dimensional eletron gas and thereby
forming a short 1D quantum wire of length L. This fabri-
ation method has the advantage of produing reetionless
ontats to the leads,
3
so that the boundary onditions of the
distribution funtion is given by the Fermi funtion of the
reservoirs. We dene the thermopower as S = V/∆T
˛˛
I=0
,
i.e. the voltage V required to ounterat a urrent due to the
temperature dierene ∆T .
1D eletron system. In higher dimensions the eletron-
eletron interation provides the most eetive relaxation
mehanism at low temperatures and therefore we inlude
this relaxation mehanism as the rst approah. How-
ever, in 1D pair ollisions annot hange the distribu-
tion funtion for quadrati dispersion, sine the momen-
tum and energy onservation
10
laws result in either zero
momentum exhange or an interhange of the two mo-
menta.
11
In either ase the distribution funtion remains
the same. Thus, the leading equilibration mehanism is
due to three-partile ollisions, whih we study in this
paper.
12
We investigate here the eets of three-partile ol-
lisions in reasonably short wires (see Fig. 1), where
eletron-eletron sattering an be onsidered perturba-
tively. As measurable quantities, we evaluate the temper-
ature dependene of the thermopower and ondutane.
Note that for more than one mode pair ollisions beome
important for ertain llings.
13
The paper is organized as follows: First we review the
non-interating limit of thermopower and give a qualita-
tive explanation of the eets due to three-partile ol-
2lisions. Then we desribe how to inlude the eletron
interations using the Boltzmann equation. Next we al-
ulate the main ingredient for our perturbation theory,
namely the three-partile matrix element and sattering
rate using a T -matrix expansion. We note several inter-
esting properties of this sattering rate. Finally, we de-
rive the ondutane and thermopower orretions and
disuss the deviation from the so-alled Mott formula.
Furthermore, some tehnial details are put in two ap-
pendies, and in Appendix A we show that the number
of left and right movers have to hange in a sattering
event for the urrent to hange.
A. Thermopower in the non-interating limit
For a wire without interations the distribution fun-
tion f (0) is determined solely by the eletron reservoirs
f
(0)
k =
{
f0(εk−µL, TL) ≡ f
0
L
(εk) for k > 0,
f0(εk−µR, TR) ≡ f
0
R
(εk) for k < 0,
(1)
where εk is the dispersion relation for momentum k and
spin σ (suppressed in the notation), and f0(ε − µ, T ) =
[1+exp((ε−µ)/k
B
T )]−1 is the Fermi funtion with µL/R
and TL/R denoting the hemial potential and tempera-
ture of the left/right ontat, respetively (see Fig. 1).
The eletri urrent for low temperature T ≪ T
F
and in
linear response to the applied bias V and temperature
dierene ∆T ≪ T then follows as (e > 0)14
I(0) =
(−e)
L
∑
σk>0
vk
(
f0
L
(εk)− f
0
R
(εk)
)
(2)
≃ −
2e2
h
V
(
1− e−TF/T
)
+
2e
h
k
B
∆T
T
F
T
e−TF/T . (3)
From this the well-known leading-order results for on-
dutane
G(0) =
2e2
h
(
1− e−TF/T
)
(4)
and for thermopower
S(0) =
k
B
e
T
F
T
e−TF/T (5)
for a fully open hannel are obtained. Here T
F
≡ ε
F
/k
B
is the Fermi temperature.
B. Main results and a simple piture of the eet
of the three-partile sattering
One of the main results of this paper is that the three-
partile ollisions give a positive ontribution to the ther-
mopower, i.e. the urrent due to a temperature dier-
ene is inreased by the three-partile sattering. This
an be explained in simple terms. Firstly, to hange the
εk
k
k3′
k3
k1
k1′
k2k2′
εF
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FIG. 2: (a) The dominant three-partile sattering proess
at low temperature in a single energy band. (b) The three-
partile sattering proess perturbing the initial distributions
shown with warm left moving eletrons (k < 0) and old right
moving eletrons (k > 0). Due to the temperature dierene
of the initial distributions the sattering proess reating left
movers dominate ompared to the opposite sattering and
therefore it gives a positive orretion to the thermopower.
urrent the number of left and right moving eletrons
need to hange, sine it is the number of eletrons going
through a mesosopi struture that determines the ur-
rent and not their veloity (see the Appendix A). Se-
ondly, we nd the dominant sattering proess at low
temperature to only involve a single eletron hanging
diretion. This ours near the bottom of the band as
pitured on Fig. 2(a). For the initial eletroni distribu-
tion the left moving eletrons have a higher temperature
then the right moving ones, whih favors sattering into
the warmer distribution as seen on Fig. 2(b). This thus
reates more left moving eletrons and thereby inreases
the partile urrent towards the older reservoir, i.e. in-
reasing the thermopower.
Another important point is that the thermopower and
ondutane orretions are exponential in temperature,
i.e. proportional to exp(−T
F
/T ). This is a diret onse-
quene of the dominant three-partile sattering proess
requiring an empty state near the bottom of the band.
We nd the form of the thermopower orretion at low
temperatures due to the three partile sattering to be
given by
Sint ∝ L|V |4
(
T
T
F
)6
exp(−T
F
/T ) > 0, (6)
where V is the eletron-eletron interation strength and
T
F
the Fermi temperature. This is found perturbatively
in the short wire limit. The long-wire limit remains an
open question, and we expet that the length dependene
of thermopower saturates one L exeeds some relaxation
length (whih inreases for dereasing temperature).
3In ontrast, the ondutane orretion is negative. To
understand this, note that the hemial potential of the
initial distribution is higher for the right moving eletrons
then the left moving ones. This favors sattering into
the left moving branh (still with the proess shown in
Fig. 2(a)) for non-zero temperature and thereby dereas-
ing the urrent. The form of the ondutane orretion
is similar to the thermopower orretion:
Gint ∝ −L|V |4
(
T
T
F
)7
exp(−T
F
/T ) < 0. (7)
II. CURRENT CALCULATION IN THE
BOLTZMANN EQUATION FORMALISM
A. Eet of interations on the urrent
To model the urrent through a short 1D quantum wire
inluding perturbatively the three partile interations,
we use the Boltzmann equation
vk∂xfk(x) = Ikx[f ], (8)
where fk(x) is the distribution funtion at a spae point
x between zero and L (see Fig. 1), vk =
1
ℏ
∂kεk is the
veloity and Ikx[f ] is the three-body eletroni ollision
integral, i.e. no impurity or interfae roughness eets are
inluded here. We inlude the voltage and temperature
dierene in the boundary onditions of the reetionless
ontats,
3
i.e.
fk(x = 0) = f
0
L
(εk) for k > 0, (9a)
fk(x = L) = f
0
R
(εk) for k < 0, (9b)
and therefore omit the term k˙∂kfk(x) in the Boltzmann
equation, allowed in the linear response regime.
15
A sim-
ilar method has been used to investigate eletron-phonon
interations in short quantum wires,
16
quantum Hall ef-
fet in quantum wires
17
and ballisti Coulomb drag.
18
The three-partile ollision integral is assumed to be
loal in spae and is given by
Ik1x[f ] =−
∑
σ2σ3
σ
1′
σ
2′
σ
3′
∑
k2k3
k
1′
k
2′
k
3′
W123;1′2′3′ [f1f2f3(1− f1′)(1 − f2′)(1 − f3′)− f1′f2′f3′(1− f1)(1− f2)(1 − f3)] , (10)
where the quantum numbers are primed/unprimed af-
ter/before the sattering event, fi ≡ fki(x) and the
sattering rate W123;1′2′3′ is found in the next setion.
Without interations (W123;1′2′3′ = 0) the solution of the
Boltzmann equation is simply given by f (0) in Eq. (1).
When interations are inluded it beomes a very diult
task to solve the Boltzmann equation to all orders in the
interation. However, for a short wire the interations
only have short time to hange the distribution funtion
away from the initial distribution f (0) and therefore we
expand the distribution funtion in orders of W123;1′2′3′
as
f = f (0) + f (1) + · · · . (11)
To nd f (1) to the rst order in W , we insert the ex-
pansion of f in the Boltzmann equation and realize that
only f (0) is neessary in the ollision integral. Sine
Ikx[f
(0)] = Ik[f
(0)] is independent of x, we nd that
f
(1)
k (x) =
x
vk
Ik[f
(0)] for k > 0, (12a)
f
(1)
k (x) =
x− L
vk
Ik[f
(0)] for k < 0, (12b)
using the boundary onditions Eq. (9). Therefore the
urrent to the rst order in W is
I = I(0) + e
∑
σk<0
Ik[f
(0)] ≡ I(0) + I int, (13)
where I(0) is the non-interating (Landauer) part of the
urrent from Eq. (2) and I int is the part due to intera-
tions.
B. The linear response limit
The form of the interating part of the urrent is now
known and the next step is therefore to evaluate it to
linear response to V and ∆T to obtain the thermopower
and ondutane orretions. To this end, we dene ψ
(0)
k
via
f
(0)
k ≡ f
0(εk) + f
0(εk)(1 − f
0(εk))ψ
(0)
k , (14)
where f0(εk) is the Fermi funtion with temperature T
and Fermi level ε
F
. It turns out that ψ
(0)
k is proportional
to either V or ∆T . This is seen by using the identity
−k
B
T∂εf
0(εk) = f
0(εk)(1 − f
0(εk)), (15)
4so we an identify ψ
(0)
k by expanding the non-interating
distribution funtion f
(0)
k (see Eq. (1) and Fig. 1)
f0
L
(εk) ≃ f
0(εk) +
[
−∂εf
0(εk)
]
eV, (16a)
f0
R
(εk) ≃ f
0(εk) +
[
−∂εf
0(εk)
]
(ε− ε
F
)
∆T
T
, (16b)
i.e.
ψ
(0)
k =
{
eV
k
B
T , for k > 0
εk−ε
F
k
B
T
∆T
T , for k < 0
. (17)
Therefore to get I int in linear response to V and ∆T ,
we linearized the ollision integral Ik[f
(0)] Eq. (10) with
respet to ψ
(0)
k and insert it into I
int
Eq.(13) to obtain
I int = (−e)
∑
σ1σ2σ3
σ
1′
σ
2′
σ
3′
∑
k1<0,k2k3
k
1′
k
2′
k
3′
∆123;1′2′3′
×
[
ψ
(0)
1 + ψ
(0)
2 + ψ
(0)
3 − ψ
(0)
1′ − ψ
(0)
2′ − ψ
(0)
3′
]
, (18)
where we dened
∆123;1′2′3′ =
W123;1′2′3′ f
0
1f
0
2 f
0
3 (1− f
0
1′)(1− f
0
2′)(1− f
0
3′), (19)
using the shorthand notation ψ
(0)
i ≡ ψ
(0)
ki
and f0i ≡
f0(εki). To linearize the ollision integral and thereby
the orretion to the urrent due to interations I int, we
have used the relation
f01 f
0
2f
0
3 (1 − f
0
1′)(1− f
0
2′)(1− f
0
3′) =
f01′f
0
2′f
0
3′(1 − f
0
1 )(1 − f
0
2 )(1− f
0
3 ), (20)
valid at ε1 + ε2 + ε3 = ε1′ + ε2′ + ε3′ .
Sine ψ
(0)
i is dierent for positive and negative ki, we
need to divide the summation in I int Eq. (18) into posi-
tive and negative k sums, whih gives 25 = 32 terms. For
this purpose, we introdue the notation∑
k1<0,k2>0,k3<0
k
1′
>0,k
2′
>0,k
3′
<0
(·) ≡
∑
−+−
++−
(·),
∑
σ1σ2σ3
σ
1′
σ
2′
σ
3′
(·) ≡
∑
spin
(·), (21)
and similarly for other ombinations of the summation
intervals. The 32 terms an be simplied to only three
terms using energy onservation and symmetry proper-
ties of ∆123;1′2′3′ in Eq. (19) under interhange of indies.
There are pairwise exhanges of indies ∆123;1′2′3′ =
∆213;1′2′3′ = ∆123;1′3′2′ et. and interhanges between
primed and unprimed indies, ∆123;1′2′3′ = ∆1′2′3′;123,
using Eq. (20) and the fat that W123;1′2′3′ ontains a
matrix element squared. This leads to six terms. Fur-
thermore, ∆123;1′2′3′ is invariant under ki → −ki for all
i = 1, 2, 3, 1′, 2′, 3′ simultaneously due to time reversal
symmetry, also seen expliitly from the form ofW123;1′2′3′
(derived below). An example of how the simpliations
ours an be seen in Eq. (A6). Thus we obtain the more
ompat result
I int = 2(−e)
∑
spin
∑
−++
+++
∆123;1′2′3′
[
∆T
k
B
T 2
(ε1 − εF)−
eV
k
B
T
]
+ 4(−e)
∑
spin
∑
−−+
+++
∆123;1′2′3′
[
∆T
k
B
T 2
{(ε1 − ε
F
) + (ε2 − ε
F
)} −
2eV
k
B
T
]
+ 3(−e)
∑
spin
∑
++−
+−−
∆123;1′2′3′
[
∆T
k
B
T 2
{−(ε3 − ε
F
) + (ε2′ − ε
F
) + (ε3′ − ε
F
)} −
eV
k
B
T
]
, (22)
where the denition of ψ
(0)
i in Eq. (17) was inserted. An
important point is that the number of positive/negative
wave-vetor intervals is not the same before and after the
sattering. Therefore, we note that only sattering events
that hange the number of left and right moving eletrons
ontributes to the interation orretion to the urrent.
The origin of this is the anellation of the veloity in the
denition of the urrent and in the distribution funtions
(12).
This anellation thus leads to an expression for the
interation orretion to the urrent in Eq. (22) where
all the in-going and out-going momenta enter on equal
footing. In the Appendix A, we show that this is valid
to all orders in perturbation theory. Due to this prop-
erty and momentum onservation, there are no proesses
that alter the urrent possible near the Fermi level. Con-
sequently, states far away from the Fermi level have to
be involved in the sattering, whih, as we will see, leads
to a suppression of I int by a fator exp(−T
F
/T ). The
distribution funtion on the other hand, an be hanged
by sattering proesses near the Fermi level.
To identify the important proesses we nd in the next
5setion the sattering rate W123;1′2′3′ .
III. THREE-PARTICLE SCATTERING RATE
The three partile sattering rate W123;1′2′3′ is alu-
lated using the generalized Fermi Golden rule inserting
the T -matrix, T ≡ V + V G0T , iterated to seond order
in the interation V to get the three partile interation
amplitude, i.e.,
W123;1′2′3′ =
2π
ℏ
|〈1′2′3′|V G0V |123〉c|
2δ(Ei − Ef ), (23)
where Ei = ε1 + ε2 + ε3 is the initial energy, Ef =
ε1′ + ε2′ + ε3′ the nal energy, G0 is the resolvent op-
erator (or free Green funtion), j is short hand for kj ,
and the subsript 'c' means onneted in the sense that
the sattering proess annot be eetively a two parti-
le proess, where one of the inoming partiles does not
partiipate in the sattering. Expliitly G0 and V are
given by
G0 =
1
Ei −H0 + iη
, (η → 0+) (24)
V =
1
2L
∑
k
1
k
2
q
∑
σ
1
σ
2
Vqc
†
k
1
+qσ
1
c†k
2
−qσ
2
ck
2
σ
2
ck
1
σ
1
. (25)
Here H0 is the unperturbed Hamiltonian (i.e. kineti en-
ergy with some dispersion), Vq the Fourier-transformed
interation potential, and ckσ (c
†
kσ) is the annihilation
(reation) operator. To alulate the matrix element
〈1′2′3′|V G0V |123〉c, we write the initial and nal states
as
|123〉 = c†k
1
σ
1
c†k
2
σ
2
c†k
3
σ
3
|0〉, (26)
|1′2′3′〉 = c†k
1′
σ
1′
c†k
2′
σ
2′
c†k
3′
σ
3′
|0〉, (27)
where |0〉 is the empty state. Using the anti-ommutator
algebra {ci, c
†
j} = δi,j , we obtain
G0V |123〉 =
1
2L
∑
q
Vq (28)
×
∑
(abc)∈P (123)
sgn(abc)
εba(q)
c†k
a
+qσ
a
c†k
b
−qσ
b
c†k
c
σ
c
|0〉,
where we introdued
εba(q) = εb + εa − εb−q − εa+q + iη
=
ℏ
2
m
q(kb − ka − q) + iη (29)
(the last equality is only valid for a quadrati dispersion),
and where the set of permutations is given by P (123) =
{(123)+, (231)+, (312)+, (132)−, (321)−, (213)−}. Here
the signs of the permutation, sgn(abc), are shown as su-
persripts.
In order to exlude the eetively two-partile pro-
esses when multiplying Eq. (28) by 〈1′2′3′|V from the
left, kc (c = 1, 2, 3) needs to be dierent from kj′
(j = 1, 2, 3). The result is
〈1′2′3′|V G0V |123〉c =
1
(2L)2
∑
(abc)∈P (123)
∑
(a′b′c′)∈P (1′2′3′)
sgn(abc)sgn(a′b′c′)
V˜a′−aV˜c′−c δa+b+c,a′+b′+c′
εb + εc − εc′ − εb+c−c′ + iη
δσ
a′
,σ
a
δσ
b′
,σ
b
δσ
c′
,σ
c
,
(30)
where V˜q = Vq + V−q is the symmetrized interation. The matrix element onsist of 36 terms and the sattering rate
thus has 362 = 1296 terms. To obtain this result we did not use energy onservation. For a quadrati dispersion, the
denominator is only zero if we have an eetive pair ollision or if the momentum transfer is zero, as seen from the
expression εba(q) =
ℏ
2
m q(kb − ka − q) + iη. A piture of the matrix element is found in Fig. 3(b), where the exhange
proesses (inluding the sign) are visualized as dierent ways to onnet two interation lines and an intermediate
propagation (G0) seen on Fig. 3(a). The inlusion of the Fermi statistis makes a substantial dierene for the
properties of the sattering rate as ompared to the ase desribed in Ref. [19℄, whih is obtained by setting all
sgn(· · · ) = +1.
We an rewrite the matrix element Eq. (30) in a more transparent way in terms of quantum mehanial exhange
symmetry. First, we introdue the following ombination of three-partile sattering amplitudes
V(11′, 22′, 33′) =
δσ
1′
,σ
1
δσ
2′
,σ
2
δσ
3′
,σ
3
4L2
[
V˜1′−1V˜3′−3
ε3 + ε2 − ε3′ − ε2+3−3′
+
V˜2′−2V˜1′−1
ε1 + ε3 − ε1′ − ε3+1−1′
+
V˜3′−3V˜2′−2
ε2 + ε1 − ε2′ − ε1+2−2′
+
V˜1′−1V˜2′−2
ε2 + ε3 − ε2′ − ε3+2−2′
+
V˜3′−3V˜1′−1
ε1 + ε2 − ε1′ − ε2+1−1′
+
V˜2′−2V˜3′−3
ε3 + ε1 − ε3′ − ε1+3−3′
]
, (31)
and after some rewriting, we then obtain
〈1′2′3′|V G0V |123〉c = δk1+k2+k3,k1′+k2′+k3′ (32)[
V(11′, 22′, 33′) + V(12′, 23′, 31′) + V(13′, 21′, 32′)
−V(11′, 23′, 32′)− V(13′, 22′, 31′)− V(12′, 21′, 33′)
]
.
We interpret this result in a way similar to a two-partile
6(ε
b
+ ε
c
− ε
c′
− ε
b+c−c′
)−1
V˜kc′−kc
V˜ka′−ka
kaσa
kbσb
kcσc
ka′σa′
kb′σb′
kc′σc′
1
4L2
V˜a′−aV˜c′−c δa+b+c,a′+b′+c′
εb+εc−εc′−εb+c−c′+iη
δσa′ ,σaδσb′ ,σbδσc′ ,σc ≡
〈1′2′3′|V G0V |123〉c =
1
2
3
1′
2′
3′
( )×( )
( )
+ + − − −
× + + − − −
(a)
(b)
FIG. 3: A visualization of the onneted three-partile sattering matrix element Eq. (30), where three partiles interhange
their momenta and energy. This matrix element enters the sattering rate via the generalized Fermi Golden rule Eq. (23). (a)
The basi three-partile interation onsisting of two interation lines and a free propagation, see Eq. (30). (b) Piture of the
exhange proesses times the basi interation needed to form the matrix element Eq. (30).
matrix element,
〈1′2′|V |12〉 =
δk
1
+k
2
,k
1′
+k
2′
L
×
[
Vk
1′
−k
1
δσ
1
,σ
1′
δσ
2
,σ
2′
− Vk
2′
−k
1
δσ
1
,σ
2′
δσ
2
,σ
1′
]
, (33)
whih ontains a diret (rst term) and a exhange term
(where 1′ ↔ 2′).
In the three-partile ase V(11′, 22′, 33′) is the diret
term and one an make ve exhange proesses (instead
of one) by exhanging the three nal states 1′, 2′ and
3′. This gives Eq. (32). The sign in front of eah V(· · · )
is determined by the number of exhanges made, e.g. in
V(11′, 23′, 32′) a single exhange, 2′ ↔ 3′, gives a minus
(−1)1 whereas for V(12′, 23′, 31′) two exhanges (1′ ↔ 3′
followed by 3′ ↔ 2′) gives a positive sign (−1)2. Fur-
thermore, the arguments in V(11′, 22′, 33′) are ordered
in three pairs suh that the dierenes between the el-
ements in eah pair are the only arguments of the in-
teration potential, see Eq. (31). This is useful when
onstruting approximations having a spei sattering
proess in mind.
How the matrix element was rewritten into the form of
Eq. (32) an also be desribed in terms of the drawings
of Fig. 3. The diret term V(11′, 22′, 33′) is the sum of
the six terms having mirror-symmetri exhanges before
and after the sattering. The other terms in Eq.(32) then
an be obtained by suitable hanges of outgoing lines.
A. Zero three-partile sattering rate for
integrable models
The expressions we obtain for the three-partile sat-
tering rates Eq. (23) are quite umbersome. Nevertheless,
the obtained results allow for some onsisteny heks.
Remarkably, for some two-body potentials, sattering of
the partiles of an N -body system is exatly equivalent
to a sequene of two-body ollisions. Suh speial po-
tentials were studied in the ontext of integrable quan-
tum many-body problems.
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We reall now that for a
quadrati band a pair ollision does not hange the mo-
menta of the inoming partiles or simply permutes the
two momenta. Therefore, three-partile sattering for a
the integrable potentials may result only in permutations
within the group of three momenta of the olliding par-
tiles; all other three-partile sattering amplitudes must
be zero for suh potentials. In the ontext of this work it
means that even three-partile (or higher-order) ollisions
would not bring eletron equilibration for suh types of
eletron-eletron interation.
In this setion we hek that the three-partile satter-
ing amplitudes are indeed zero for two speial potentials.
1. Point-like interation
In the ase of ontat interation, V˜q = onstant ≡
V˜0, and for any kind of eletron dispersion relation (i.e.,
not neessarily quadrati), we nd by using the energy
7onservation law that∑
spin
|〈1′2′3′|V G0V |123〉c|
2 =
2V˜ 40
(2L)4
δk1+k2+k3,k1′+k2′+k3′
×
[
|A121′ −A122′ −A131′ +A132′ |
2
+ |A121′ −A123′ −A131′ +A133′ |
2
+ |A122′ −A123′ −A132′ +A133′ |
2
+ |A121′ −A122′ −A231′ +A232′ |
2
+ |A131′ −A132′ −A231′ +A232′ |
2
+ |A121′ −A123′ −A231′ +A233′ |
2
+ |A131′ −A133′ −A231′ +A233′ |
2
+ |A122′ −A123′ −A232′ +A233′ |
2
+ |A132′ −A133′ −A232′ +A233′ |
2
]
, (34)
where Aabc = (εa + εb − εc − εa+b−c + iη)
−1
. This is
a major simpliation from 362 = 1296 to 9 × 42 = 144
terms by performing the spin summation. If furthermore,
the dispersion is quadrati, εk ∝ k
2
, then we nd the (at
rst sight) surprising anellation∑
spin
|〈1′2′3′|V G0V |123〉c|
2
× δ(ε1 + ε2 + ε3 − ε1′ − ε2′ − ε3′) = 0. (35)
This an be seen diretly from Eq.(34) or by noting that
V(1a′, 2b′, 3c′)δ(ε1 + ε2 + ε3 − εa′ − εb′ − εc′) = 0, (36)
for a quadrati dispersion and onstant interation for
(a′b′c′) ∈ P (1′2′3′), i.e. eah term of Eq. (32) is zero.
V(11′, 22′, 33′) anels in suh a way, that the three rst
terms of Eq. (31) anel eah other (the even permuta-
tions of (123) ombined with the same primed permuta-
tion) and the three last terms anel eah other (the odd
permutations of (123) ombined with the same primed
permutation).
In fat, the desribed above anellation is in agree-
ment with the general fatorization results for the S
matrix of one-dimensional Nbody problem with δ
funtion interation in real spae.
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In this ontext, it is
ruial that the partiles have quadrati dispersion rela-
tion; if we use e.g. εk ∝ k
4
, then the anellation does not
our. Notie also that the anellation we demonstrate
is not a trivial zero. Indeed, the underlying two-partile
amplitudes Eq. (33) are nite for a qindependent po-
tential, if one inludes spins. (For spinless fermions and
ontat interation the matrix element would be zero be-
ause the diret and the exhange terms anel in aor-
dane with the Pauli priniple.)
2. The
eVq = V0(1− q2/q20) interation
We heked also that the energy onserving part of the
matrix element 〈1′2′3′|V G0V |123〉c in the ase of spin-
less fermions, quadrati dispersion, and the Fourier trans-
formed interation potential of the form
V˜q = V0
(
1−
q2
q20
)
, (37)
beomes equal to zero. This is also possible to ex-
pet beause of the relation of the potential Eq. (37)
to the integrable 1D bosoni Lieb-Liniger model
21
. In-
deed, the bosoni model with ontat interation poten-
tial ∝ gBδ(x1 − x2) may be exatly mapped
22
onto the
spinless fermioni model with interation VF (x1 − x2) ∝
−(1/gB)δ
′′(x1 − x2). The integrability of the bosoni
model guarantees the integrability of the orresponding
Fermioni one. Adding a ontat interation to VF does
no harm, as we are onsidering spinless Fermions. Fi-
nally, Fourier transformation takes us to Eq. (37).
We heked that inluding the spin degree of freedom,
spoils the remarkable anellation for a three-partile am-
plitude.
In the following Setions, we assume a general ase
interation potential for whih the three-partile satter-
ing amplitudes lead to a non-trivial re-distribution of the
momenta between the partiles.
IV. THERMOPOWER AND CONDUCTANCE
CORRECTIONS DUE TO THREE PARTICLE
INTERACTION
In this setion, we go though the main ideas and ap-
proximations in evaluating the urrent orretion due to
interations I int Eq. (22) to lowest order in the temper-
ature, T ≪ T
F
. We give a more detailed alulation in
the Appendix B.
As noted previously, all three terms in I int Eq. (22) are
exponentially suppressed, sine momentum onservation
k1 + k2 + k3 = k1′ + k2′ + k3′
forbids sattering proesses near the Fermi level for the
given ombinations of positive and negative k intervals.
To be more spei, it is the phase spae restritions of
the Fermi funtions that give the exponential suppres-
sion, i.e.
f01 f
0
2 f
0
3 (1− f
0
1′)(1 − f
0
2′)(1 − f
0
3′) ∝ e
−T
F
/T . (38)
We begin by identifying the most important three parti-
le sattering proess. The three terms in I int Eq. (22)
are: (i) two right movers baksattering a left mover
while remaining right movers; (ii) one right mover keep-
ing its diretion, while baksattering two left movers,
and (iii) a left and a right mover keeping their diretions,
while baksattering the third partile. From now on, we
will onentrate on the ase of Coulomb interation V˜q,
whih is the largest for small q, therefore we want to iden-
tify proesses where the initial and nal state are lose in
momentum spae
23
. Further, the proess(es) should not
8require more than one eletron in states suppressed ex-
ponentially by the Fermi funtions. One an see that due
to the onstraints stemming from momentum and energy
onservation, in fat only proess (iii) allows both initial
and nal states to be lose to eah other in momentum
spae and at the same time having only a single expo-
nentially suppressed fator. The orresponding satter-
ing proess is of the type shown in Fig. 2(a). Therefore to
the rst order in exp(−T
F
/T ), we inlude only the third
one in Eq. (22). This leads to
I int ≃ 3(−e)
∑
spin
∑
++−
+−−
∆123;1′2′3′
×
[
∆T
k
B
T 2
{−ε3 + ε2′ + ε3′ − ε
F
} −
eV
k
B
T
]
. (39)
Here ∆123;1′2′3′ expresses the available phase spae in
form of the Fermi funtions and the three-partile sat-
tering rate, see Eq. (19).
One essential approximation is that for the sattering
proess depited in Fig. 2(a), we may replae the full
Fermi distribution funtions by the exponential tales or
the low-temperature limit expressions, i.e.
f01 ≃ θ(kF − k1)θ(k1), 1− f
0
1′ ≃ θ(k1′ − kF), (40a)
f02 ≃ θ(kF − k2)θ(k2), 1− f
0
2′ ≃ e
(ε
2′
−ε
F
)/k
B
T , (40b)
f03 ≃ e
−(ε3−ε
F
)/k
B
T , 1− f03′ ≃ e
(ε
3′
−ε
F
)/k
B
T . (40)
Note that k1, k1′ and k2 are all positive. We see that the
produt of the Fermi funtions is indeed exponentially
suppressed, i.e. ∝ exp(−T
F
/T ).
The seond essential approximation is that for the sat-
tering proess seen in Fig. 2(a) the initial and nal states
dier by a small momentum. Therefore the matrix el-
ement in the transition rate W123;1′2′3′ is dominated by
the diret term V(11′, 22′, 33′) in Eq. (32), sine the ve
exhange terms are suppressed by the Coulomb intera-
tion |V˜|q|∼k
F
| ≪ |V˜|q|≪k
F
|, i.e.
〈1′2′3′|V G0V |123〉c ≃
δk1+k2+k3,k1′+k2′+k3′V(11
′, 22′, 33′). (41)
The diret term Eq. (41) would be zero for V˜q = onst.
In the ase of quadrati dispersion relation and general
V˜q, it vanishes in the limit (ki′ − ki) → 0 and (kj′ −
kj) → 0 for i, j ∈ {1, 2, 3} due to the Pauli priniple.
For a quadrati dispersion and for a general symmetrized
interation V˜q = Vq+V−q, the diret term V(11
′, 22′, 33′)
simplies to the following expression
V(11′, 22′, 33′) =
δσ
1′
,σ
1
δσ
2′
,σ
2
δσ
3′
,σ
3
4L2ℏ2/m
(q1 + q3)
×
[
−(q1 + q3)V˜q1 V˜q3 + V˜q1+q3(q3V˜q1 + q1V˜q3)
]
(k1 − k3 + q1)q1q3(k1 − k3 − q3)
(42)
where we used energy onservation and introdued q1 =
k1′ − k1 and q3 = k3′ − k3.
Next, we give a qualitative explanation for the power
law in T for the interating urrent orretion Eq. (39) us-
ing the quadrati dispersion. First, we onsider the phase
spae onstraint. To do the sum over all k in Eq. (39)
we use the momentum and energy onservation and in-
trodue new variables q1 = k1′ − k1 and q3 = k3′ − k3,
i.e., hange the summation variables,
k1, k2, k3, k1′ , k2′ , k3′ → k1, k3, q1, q3. (43)
The energy onservation for a quadrati dispersion gives
a fator of 1/|q1+ q3| (see e.g. Eq. (B6)). For the proess
at hand, the k1 and k3 are lose to the Fermi level and
eah of their sums ontribute with a fator of q1 and q3,
respetively. The Fermi funtions give the exponential
suppression and a ontribution to the phase spae in form
of an exponential tail, i.e.
f01 f
0
2f
0
3 (1 − f
0
1′)(1− f
0
2′)(1− f
0
3′) ∝
e−TF/T e(ε2′−ε3+ε3′ )/kBT (44)
see Eq. (40a-40). To get the low temperature result
for I int, Eq. (39), we use the method of steepest deent
to alulate the integral. To this end, we note that the
exponent ε2′ − ε3 + ε3′ is a funtion of q1 and q3 and in
the limit T/T
F
→ 0 the most important part is around
the origin q1 = q3 = 0. Here ε2′ − ε3 + ε3′ vanishes as
− 12ℏvF(q1 + q2) (see Appendix B for details). Therefore
olleting the phase spae fators the urrent orretion
due to three partile interations Eq. (39) beomes
I int ∝ ε−TF/T
∫
dq1
∫
dq3
q1q3
|q1 + q3|
e−
T
F
T
(q1+q3)/k
F
× |V(11′, 22′, 33′)|2
×
[
∆T
T
T
F
T
(
−
q1 + q3
k
F
− 1
)
−
eV
k
B
T
]
. (45)
in the limit T ≪ T
F
. Furthermore, it turns out that the
onstraints k2 > 0 and k2′ < 0 in the sum Eq. (39) only
leaves phase spae lose to q1 = q3 for T/TF → 0, so we
an set q3 = q1 in the integrand and do the integral over
q3, whih is ∝ q
2
1 due to the phase spae limits. To lowest
order in temperature this yields
I int ∝ ε−TF/T
∫ ∞
0
dq q3e−
T
F
T
2q/k
F |V(11′, 22′, 33′)|2
×
[
∆T
T
T
F
T
+
eV
k
B
T
]
. (46)
From this we onlude that phase spae alone (i.e. as-
suming |V(11′, 22′, 33′)|2 to be a onstant) gives a tem-
perature dependene of the form
I int ∝ ε−
T
F
T T 4
[
∆T
T
T
F
T
+
eV
k
B
T
]
(phase spae only).
(47)
However, as we have seen the three-partile interation
rate has deliate momentum dependene that needs to
9be taken into aount. Therefore, to alulate the di-
ret interation term V(11′, 22′, 33′) we expand the sym-
metrized potential V˜q for small q, as
V˜q = V0
[
1−
(
q
q0
)2
+O(q4)
]
, (48)
where the parameter q0 ≪ k
F
desribes the sreening
due to the metalli gates near the quantum wire and V0
is (twie) the q = 0 Fourier transform of the Coulomb
potential ut-o by the sreening. Setting q3 = q1 ≡ q
into the three-partile sattering rate Eq. (42), we obtain
V(11′, 22′, 33′) ∝ V 20
(
k
F
q0
)2
q2 (49)
to lowest order in q. Inserting this into the Eq. (46)
the nal result for the urrent orretion, inluding both
phase spae fators and the momentum dependent sat-
tering rate, beomes
I int ∝ e−
T
F
T T 8V 40
(
k
F
q0
)4 [
∆T
T
T
F
T
+
eV
k
B
T
]
. (50)
(Here we notied that the non-onstant three partile
sattering rate gave rise to four extra powers in tem-
perature.) The detailed alulation given in Appendix B
yields a prefator, and the end result is
I int =
8505
2048π4
e−
T
F
T
e
ℏ
(V0k
F
)4
ε3
F
(Lk
F
)
(
k
F
q0
)4
×
(
T
T
F
)7[
∆T
T
+
eV
ε
F
]
+O
[(
T
T
F
)8]
. (51)
Combining this result with the zero-order in the inter-
ation terms, see Eqs. (4) and (5), we nd for the ther-
mopower and ondutane in the low temperature limit,
S =
k
B
e
T
F
T
e−TF/T
[
1 +
L
ℓ
eee
]
, (52)
G =
2e2
h
−
2e2
h
e−TF/T
[
1 +
L
ℓ
eee
]
. (53)
Here we introdued the eetive length ℓ
eee
by the
relation
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ℓ−1
eee
=
8505
2048π3
(V0k
F
)4
ε4
F
(
k
F
q0
)4(
T
T
F
)7
k
F
, (54)
whih may be viewed as a mean free path with respet
to baksattering for a hole near the bottom of the band.
To reapitulate, the temperature dependene T ∝ T 7
in Eq. (54) an be understood in the following way: the
three-partile sattering of a single partile leaves ve
free momenta, and sine two are taken by energy and
momentum onservation this gives T 3. In addition, the
interation, Vq, is proportional to q
2
, and when squared
it gives rise to four more powers, whih results in the T 7
dependene.
In the limit of a point-like interation, q0 → ∞, the
orretions are zero in agreement with the result of se-
tion III A.
It is known from the Luttinger liquid theory that in
the limit of linear spetrum, whih orresponds to TF →
∞, the ondutane remains nite even if the wire is
innitely long (L → ∞). Therefore it is tempting to
speulate that the two terms in the square brakets of
Eq. (53) are the rst terms of an expansion in λ = L/ℓ
eee
of some funtion FG(λ) whih saturates at a onstant
value in the limit λ → ∞. One may also have a similar
speulation generalizing Eq. (52) for the thermopower,
[. . . ]→ FS(L/ℓeee).
As a nal remark, we note that the so-alled Mott for-
mula
25
relating the thermopower to the low-temperature
ondutane,
S =
π2
3
k
B
e
k
B
T
1
G
dG
dε
F
, (55)
is learly violated by Eqs. (53) and (52). This violation
ould be expeted, beause the onventional derivation of
the Mott formula (for the non-interating ase) assumes
that the main ontribution to the ondutane and ther-
mopower omes from the states around the Fermi level,
in an energy interval of the order of temperature.
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How-
ever, in the onsidered ase the main ontribution to S
omes from the deep states, even in the zeroth order
with respet to the interation potential. Correspond-
ingly there is no surprise that Eqs. (52) and (53) be-
ing substituted, respetively, in the left- and right-hand
sides of Eq. (55) produe a parametrially large mismath
∼ TF /T .
V. SUMMARY AND DISCUSSION
We have alulated the leading interation orretion
to the transport properties of a lean mesosopi wire
adiabatially onneted to the leads, using perturbation
theory in the length of the wire.
For a single-mode wire, the leading interation orre-
tions turns out to be given by three-partile sattering
proesses. This is beause two-partile proesses an-
not hange the urrent due to momentum and energy
onservation. To alulate the eet of the three-body
proesses, we have utilized the Boltzmann equation for-
malism, with three-partile sattering events dening the
ollision integral. We have identied the leading-order
sattering proesses and found that they involve at least
one state near the bottom of the band, i.e. far from
the Fermi level. The involvement of suh deep states
results in an exponentially small, ∝ e−TF /T , interation-
indued orretion to thermopower and ondutane at
low temperatures.
The aount for interation in this paper is performed
for relatively short wires, where perturbation theory in
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the interation or equivalently in the wire length is valid.
For longer wires one needs to nd the distribution fun-
tion by treating the ollision integral in the Boltzmann
equation non-perturbatively. It is not lear whether the
relaxation of the distribution funtion would instead yield
non-exponential orretions to the transport oeients
for longer wires. However, sine the sattering proesses
that ontribute to the urrent must involve a partile that
hanges diretion (whih is proven in Appendix A), one
might speulate that the exponential suppression is valid
for all lengths, as long as eletron-eletron sattering is
the only ative relaxation mehanism.
The question of what the relaxed distribution fun-
tion looks like for a mesosopi wire is an interesting and
unsolved problem. Here we have only given a partial an-
swer for the leading ontributions for a short wire, i.e.
to lowest order in the interation. Further studies should
involve a self-onsistent determination of the distribution
funtion.
Sine thermopower is sensitive to the eletron distri-
bution funtion, it might be a good experimental tool
for answering the fundamental questions regarding the
eet of eletron-eletron ollisions. Indeed rened mea-
surements of thermopower of short 1D quantum wires
have been performed yielding a reasonably good agree-
ment with the free-eletron theory.
27,28,29
It remains an
open question whether the auray of thermopower mea-
surements is high enough to see the interation eets in
longer wires.
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APPENDIX A: SCATTERING PROCESSES
CONTRIBUTING TO THE CURRENT
In this Appendix, we show that the partile urrent
hange due to eletroni sattering if and only if the sat-
tering hanges the number of left and right moving ele-
trons. In the main text (see Eq.(22)), this was shown to
rst order in the transition rate, but here we show it to
all orders in the interation.
We show it expliitly in the Boltzmann equation frame-
work, however, suspet it to be a general feature of meso-
sopi systems. Intuitively, the statement means that it
is the number of partiles that passes though the meso-
sopi system that matters and not their veloity. In on-
trast to this is e.g. a long 1D wire or a bulk metal, where
a veloity hange of the partiles is enough to hange the
urrent.
To show the above statement expliitly, we formally
rewrite the Boltzmann equation (8) inluding the bound-
ary onditions Eq.(9) as
fk(x) = f
0
L
(εk) +
∫ x
0
dx′
Ikx′ [f ]
vk
for k > 0, (A1)
fk(x) = f
0
R
(εk) +
∫ x
L
dx′
Ikx′ [f ]
vk
for k < 0. (A2)
Note that this is not a losed solution of the Boltzmann
equation, sine the distribution funtion is still ontained
inside the ollision integral. However, this rewriting en-
ables us to nd the urrent without nding the distribu-
tion funtion rst, i.e. by inserting Eq. (A1,A2) into the
urrent denition
I =
(−e)
L
∑
σk
vkfk(x) (A3)
and obtain (after a few manipulations):
I =
(−e)
L
∑
σk>0
vk
[
f0
L
(εk)− f
0
R
(εk)
]
−
(−e)
L
∫ L
0
dx
∑
σk<0
Ikx[f ] +
(−e)
L
∫ x
0
dx′
=0︷ ︸︸ ︷∑
σk
Ikx′ [f ]
≡ I(0) + I(int), (A4)
where the x-dependent part an be seen to be zero by
hanging variables. We note the anellation of the ve-
loity in the distribution funtion Eqs. (A1), (A2) and
the urrent denition Eq. (A3), whih is the origin of
the statement we are showing (as in the rst order alu-
lation). A similar anellation ours in the Landauer
formula thus relating the transmission to the ondu-
tane. By using the expliit form of the ollision integral
Eq. (10) the urrent from the interations is
I(int) =
(−e)
L
∫ L
0
dx
∑
σ1σ2σ3
σ
1′
σ
2′
σ
3′
∑
k1<0,k2,k3
k
1′
k
2′
k
3′
W123;1′2′3′ [f1f2f3(1 − f1′)(1− f2′)(1− f3′)− f1′f2′f3′(1− f1)(1− f2)(1 − f3)] .
(A5)
We an divide the summation over k quantum number into positive and negative intervals as in the main text (see
11
setion II B). The essential point is now, that all terms that have the same number of positive (and negative) intervals
for the primed and unprimed wave numbers k are zero. In other words, if the number of left and right moving
eletrons does not hange then the ontribution is zero by symmetry of the transition rate. We show this anellation
in pratie by an example (using the notation of Eq.(21)):∑
spin
∑
−+−
+−−
W123;1′2′3′ [f1f2f3(1− f1′)(1− f2′)(1− f3′)− f1′f2′f3′(1 − f1)(1 − f2)(1− f3)] (A6)
=
∑
spin
∑
−+−
−+−
W123;1′2′3′ [f1f2f3(1− f1′)(1− f2′)(1− f3′)− f1′f2′f3′(1 − f1)(1 − f2)(1− f3)]
=
∑
spin
∑
−+−
−+−
W123;1′2′3′f1f2f3(1− f1′)(1− f2′)(1− f3′)−
∑
spin
∑
−+−
−+−
W123;1′2′3′f1′f2′f3′(1− f1)(1 − f2)(1− f3)︸ ︷︷ ︸
interhange (123)⇆(1′2′3′)
= 0,
interhanging 1′ and 2′ at the rst equality using
W123;1′2′3′ = W123;2′1′3′ and interhanging (123) ↔
(1′2′3′) in the seond term as indiated. Thereby we have
shown to all orders that to hange the urrent by ele-
troni interations the number of left and right movers
have to hange.
The statement is not limited to only three partile sat-
tering and an be show equivalently for pair interation
inluding several bands, eletron phonon oupling or any
other interation with the same kind of symmetry under
partile interhange. Furthermore, the statement is still
true if the ollision is non-loal in spae, sine that only
introdue some spatial integrals in the ollision integral
that an be handled similarly. Note however that the
distribution funtion an be hanged by proesses that
does not hange the number of left and right movers.
APPENDIX B: DETAILED CALCULATION OF
THE THERMOPOWER AND CONDUCTANCE
CORRECTION DUE TO THE THREE PARTICLE
SCATTERING
The purpose of this Appendix is to alulate I int in
Eq. (39)
I int ≃ 3(−e)
∑
spin
∑
++−
+−−
∆123;1′2′3′
×
[
∆T
k
B
T 2
{−ε3 + ε2′ + ε3′ − ε
F
} −
eV
k
B
T
]
. (B1)
in the low-temperature limit, T ≪ T
F
, step by step to
nd the prefator given in Eq. (51). As already men-
tioned, we preform the alulation with the sattering
proess seen in Fig. 2(a) in mind. Therefore we use the
Fermi funtions as given in Eq. (40) and the matrix el-
ement entering in the sattering rate from Eq. (41) and
Eq. (42), i.e. using a quadrati dispersion.
We preform the summation over all the k in Eq. (B1)
in the following way: First of all, we note that due to the
momentum and energy onservation in the interation
proess desribed, the sattering of k3 to k3′ has to be
from above to below the Fermi level, i.e.
k3 < −k
F
< k3′ ⇒ θ(−k
F
− k3)θ(k
F
+ k3′). (B2)
This is due to the signs of k2 and k2′ and an be under-
stood as a sign of the dierene between the urvature of
the dispersion near the bottom of the band and near the
Fermi level. Next, we introdue the momentum transfer
around the Fermi level qi ≡ ki′ −ki for i = 1, 3 and using
the momentum onservation to do the k2′ summation, we
obtain ∑
++−
+−−
(· · · )→
∑
k1>0,k2>0,k3<0
∑
q1,q3
(· · · ) (B3)
remembering the onstraint k1′ = k1 + q1 > 0, k2′ =
k2 + q1 + q3 < 0 and k3′ = k3 + q3 < 0. The Fermi
fators f01 (1−f
0
1′) and f
0
3 (1−f
0
3′) restrit the momentum
transfer q1 and q3 to be muh smaller then k
F
and the k1
and k3 to be near the Fermi level for the proess in mind.
Therefore we an use the Fermi funtions f01 (1 − f
0
1′) to
do the summation over k1. Assuming slow variation of
the sattering rate over a range of q1 ≪ k
F
at the Fermi
level, the k1 summation beomes∑
k1>0
θ(k
F
− k1)θ(k1 + q1 − k
F
) =
L
2π
q1θ(q1). (B4)
Similarly the k3 summation is done using the phase spae
onstraint in Eq. (B2)∑
k3<0
θ(−k
F
− k3)θ(k
F
+ k3′) =
L
2π
q3θ(q3). (B5)
We see that sine k1 and k3 are restrited to the Fermi
level, we an insert k1 ≃ k
F
and k3 ≃ −k
F
in the rest of
the integrand. To do the k2 > 0 summation, we use the
energy onservation ontained in the sattering rate. It
is rewritten as (inserting k1 = k
F
and k3 = −k
F
):
δ(ε1′ + ε2′ + ε3′ − ε1 − ε2 − ε3) ≃
m
ℏ2
1
|q1 + q3|
× δ
[
k2 − k
F
q1 − q3
q1 + q3
−
1
2
(q1 + q3)−
1
2
q21 + q
2
3
q1 + q3
]
. (B6)
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We have now done the summation over k1, k2 and k3
and are left with the summation over q1 and q3 of the
sattering rate, some Fermi funtions and the phase fa-
tors desribed above. To this end, we introdue u(q1, q3)
by inserting k1 = k
F
and k3 = −k
F
in Eq. (42)
V(11′, 22′, 33′) =
δσ
1′
,σ
1
δσ
2′
,σ
2
δσ
3′
,σ
3
4L2ℏ2/m
u(q1, q3) (B7)
for a general symmetrized interation V˜q = Vq + V−q.
Furthermore, we ollet the exponential tales of the
Fermi funtions Eq. (40b-40),
(1 − f02′)f
0
3 (1− f
0
3′) = e
(ε
2′
−ε3+ε3′−ε
F
)/k
B
T
(B8)
dening
ξ(q1, q3) ≡ ε2′ − ε3 + ε3′ (B9)
= ε
F
(
q1 − q3
q3 + q1
)2
−
1
2
ℏv
F
(q1 + q3)
+
1
2
ℏv
F
(q1 − q3)(q
2
1 + q
2
3)
(q3 + q1)2
+
ℏ
2
2m
q23(2q
2
1 + 2q1q3 + q
2
3)
(q1 + q3)2
,
inserting k2′ = k2 − q1 − q3, k2 from the energy onser-
vation Eq. (B6) and k1 = k
F
and k3 = −k
F
. Therefore
we nally get the interating ontribution to the urrent
in Eq. (B1) as:
I int =
3(−e)Lm3
32π4ℏ7
∫ ∞
0
dq1
∫ ∞
0
dq3
q1q3
q1 + q3
|u(q1, q3)|
2
(B10)
× θ(k
F
− k2)θ(k2)θ(−k2 + q1 + q3)θ(k
F
− q3)
× e(ξ(q1,q3)−εF)/kBT
[
∆T
k
B
T 2
(ξ(q1, q3)− ε
F
)−
eV
k
B
T
]
.
Here only the step funtions, that restrits the integral
are inluded. Next we introdue the dimensionless inte-
gration variables Qi = qi/k
F
for i = 1, 3 and the dimen-
sionless funtions
U(Q1, Q3) = k
2
F
u(k
F
Q1, k
F
Q3), (B11)
Ξ(Q1, Q3) =
ξ(k
F
Q1, k
F
Q3)
ε
F
(B12)
in the integral:
I int =
3(−e)Lm3
32π4ℏ7k
F
e−
T
F
T
∫
A
dQ1dQ3
Q1Q3
Q1 +Q3
|U(Q1, Q3)|
2
×e
T
F
T
Ξ(Q1,Q3)
[
T
F
∆T
T 2
(Ξ(Q1, Q3)− 1)−
eV
k
B
T
]
, (B13)
where A is the integration area shown in Fig. 4(a). Note
that this expression is valid for a general interation V˜q
and that it is not possible to extrat a power law in tem-
perature times some integral by dening new integration
variables.
To proeed, we onsider the low temperature limit
T/T
F
≪ 1 by using the method of steepest deent: Due
0 0.5
0
0.5
1
k2′ < 0 ⇒ Q3 ≃ Q1 −Q
2
1
k2 > 0
⇑
Q3 ≃ Q1 + 3Q
2
1
Q1
Q3
(a)
(b)
Q1
Q3
The integration
area: A
0
0.25
0.5
0.75
0
0.5
1
0
-0.3
-0.6
FIG. 4: (a) The integration regionA for the integral Eq. (B13)
to alulate the urrent due to interations. The two
boundaries for the integration area lose to the origin stem-
ming from the signs of k2 and k2′ are indiated. (b) The
Ξ(Q1, Q3) = ξ(k
F
Q1, k
F
Q3)/ε
F
funtion, a dimensionless ver-
sion of ξ(q1, q3) Eq. (B9), important in the alulation using
the method of steepest deent.
to the exponential funtion e
T
F
T
Ξ(Q1,Q3)
the maximum
of Ξ(Q1, Q3) will dominate the integral for T/TF → 0,
sine Ξ(Q1, Q3) ≤ 0. The maxima are Ξ(0, 0) = 0
and Ξ(0, 1) = 0 and Ξ(Q1, Q3) is shown in Fig. 4(b).
For a dereasing interation the area of Q1 ≪ 1 and
Q3 ≪ 1 dominates even though the integrand is zero for
Q1 = Q3 → 0. Therefore we expand around the maxi-
mum (Q1, Q3) = (0, 0) to get the lowest order result in
T/T
F
. In view of the integration region Fig. 4(a), we
use Q3 = Q1 ≡ Q in the integral Eq.(B13) and thereby
do the Q3 integral using the approximate limits seen in
Fig. 4(a), i.e. ∫ Q1+3Q21
Q1−Q21
1dQ3 = 4Q
2
1. (B14)
To model the symmetrized potential V˜q for small q, we
inlude the deviation from a onstant as desribed in
Eq. (48). This gives
Q1Q3
Q1 +Q3
|U(Q1, Q3)|
2
∣∣∣∣
Q3=Q1≡Q
→ V 40
(
k
F
q0
)4
9
2
Q5 (B15)
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to lowest order in Q. In the exponential we keep Ξ to
lowest order in Q, i.e.
e
T
F
T
Ξ(Q1,Q3) → e−2Q
T
F
T . (B16)
So using the lowest order in Q in the integrand (leading
to lowest order in T ) the interating ontribution to the
urrent is:
I int =
3(−e)Lm3
32π4ℏ7k
F
e−
T
F
T
∫ ∞
0
dQ V 40
(
k
F
q0
)4
9
2
Q5
× 4Q2e−2Q
T
F
T
[
T
F
∆T
T 2
(0− 1)−
eV
k
B
T
]
(B17)
≃
8505
2048π4
e−
T
F
T
e
ℏ
(V0k
F
)4
ε3
F
× (Lk
F
)
(
k
F
q0
)4(
T
T
F
)7[
∆T
T
+
eV
ε
F
]
(B18)
to lowest order in temperature. This is the result stated
in the text in Eq. (51).
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